We generalize the factorized resummation of multipolar waveforms introduced by Damour, Iyer and Nagar to spinning black holes. For a nonspinning test-particle spiraling a Kerr black hole in the equatorial plane, we find that factorized multipolar amplitudes which replace the residual relativistic amplitude f ℓm with its ℓ-th root, ρ ℓm = f 1/ℓ ℓm , agree quite well with the numerical amplitudes up to the Kerr-spin value q ≤ 0.95 for orbital velocities v ≤ 0.4. The numerical amplitudes are computed solving the Teukolsky equation with a spectral code. The agreement for prograde orbits and large spin values of the Kerr black hole can be further improved at high velocities by properly factoring out the lower-order post-Newtonian contributions in ρ ℓm . The resummation procedure results in a better and systematic agreement between numerical and analytical amplitudes (and energy fluxes) than standard Taylor-expanded post-Newtonian approximants. This is particularly true for higher-order modes, such as (2,1), (3,3), (3,2), and (4,4) for which less spin post-Newtonian terms are known. We also extend the factorized resummation of multipolar amplitudes to generic mass-ratio, non-precessing, spinning black holes. Lastly, in our study we employ new, recently computed, higher-order post-Newtonian terms in several subdominant modes, and compute explicit expressions for the half and one-and-half post-Newtonian contributions to the odd-parity (current) and even-parity (odd) multipoles, respectively. Those results can be used to build more accurate templates for ground-based and space-based gravitational-wave detectors.
I. INTRODUCTION
An international network of kilometer-scale laserinterferometric gravitational-wave detectors, consisting of the Laser-Interferometer Gravitational-wave Observatory (LIGO) [1] and Virgo [2] are currently operating at the best sensitivity ever in the frequency range 10-10 3 Hz. We expect that in the next decade the Laser Interferometer Space Antenna (LISA) [3] will be also operating, but in the frequency range 10 −4 -10 −1 Hz. Binary black holes are among the most promising sources for those detectors. During the last thirty years, the search for gravitational waves from coalescing blackhole binaries with LIGO, Virgo and LISA has prompted the development of highly-accurate, analytical template families to be employed in matched-filtering analysis. Those template families are based on the post-Newtonian (PN) approximation of the two-body dynamics and gravitational radiation [4, 5] . In PN theory the multipolar waveforms are derived as a Taylor-expansion in v/c (v being the binary characteristic velocity and c the speed of light). More recently, Damour, Iyer and Nagar [6] [37] have proposed the so-called factorized resummation of the multipolar waveforms. In this resummation the Taylor-expanded multipolar waveforms computed in PN theory are re-written in a factorized, resummed form.
In Refs. [6, 7] , the factorized waveforms for a test particle orbiting around a Schwarzschild black hole were computed, including also the case of comparable-mass nonspinning black holes. It was found that factorized waveforms agree better with numerical (exact) results than Taylor-expanded waveforms. In particular, in the testparticle limit, Ref. [6] compared the analytical factorized (l, m) modes and gravitational-wave energy flux to the numerical results obtained by Berti [8] , solving the Teukolsky equation. The factorized waveforms have been also employed in the effective-one-body formalism and compared to waveforms computed in numerical-relativity simulations [7, 9, 10] . Also in this case, the agreement of the factorized waveforms to the numerical waveforms is better than the one of the Taylor-expanded waveforms, especially during the last stages of inspiral and plunge, and close to merger.
In this paper we extend the factorized multipolar waveforms to the case of a test-particle orbiting around a Kerr black hole on the equatorial plane. In the case of a test particle orbiting around a Schwarzschild black hole, the Taylor-expanded multipolar waveforms were derived through the PN order needed to compute the 5.5PN energy flux [11] , although their explicit formulas were not available in the literature. In the case of a test particle orbiting around a Kerr black hole on the equatorial plane, spin terms in the Taylor-expanded multipolar waveforms were derived through the PN order needed to compute the 4PN energy flux [12] , but their explicit formulas were not published. Motivated by this work, Tagoshi and Fujita [13] have recently computed the spinning and nonspinning Taylor-expanded multipolar waveforms up In the first two rows, we list the nonspin and spin PN orders beyond the leading order Newtonian term C (N,0) 22
. In the next two rows, we list the nonspin and spin PN orders beyond the leading-order term for each mode C (N,ǫp) ℓm . In the last two rows, we list the PN orders beyond the leading-order term for each mode C (N,ǫp) ℓm that are needed to compute the nonspin 5.5PN-energy-flux and the spin 4PN-energy-flux. For each C ℓm , the two columns refer to the parity of the multipolar waveform ǫp = 0 and = 1.
to 4PN and 5.5PN order (see Table I for a summary), respectively. Also, recently, Fujita and Iyer [14] have independently computed the nonspinning Taylor-expanded multipolar waveforms up to 5.5PN order.
Since, as said above, explicit expressions of the Taylorexpanded multipolar waveforms are not available in the literature, even at lower PN orders [11, 12] , we write those expressions explicitly in this paper (see Appendix A) decomposing them in -2 spin-weighted spheroidal harmonics. Then, we apply the transformation from -2 spinweighted spheroidal harmonics to -2 spin-weighted spherical harmonics, and build the factorized multipolar waveforms decomposed in -2 spin-weighted spherical harmonics. The latter decomposition is the one commonly used in the fields of numerical relativity and gravitationalwave data analysis. Finally, we compare the factorized waveforms to numerical (exact) waveforms for a test particle orbiting around a Kerr black hole, on the equatorial plane, solving the Teukolsky equation [15] [16] [17] . Finally, we derive the factorized multipolar waveforms for spinning, nonprecessing black holes of comparable masses. Those factorized waveforms were recently used in the spinning effective-one-body model of Ref. [18] and compared to numerical-relativity simulations of spinning, nonprecessing equal-mass black holes from the CaltechCornell-CITA collaboration.
This paper is organized as followed. In Sec. II we work out the factorized waveforms decomposed in -2 spinweighted spherical harmonics for a test-particle orbiting a Kerr black hole, on the equatorial plane. In Sec. III, we compare the gravitational-wave energy flux and the (l, m) modes of analytical factorized waveforms to numerical waveforms. The numerical results are obtained solving the Teukolsky equation [15] [16] [17] . In Sec. IV we derive the factorized waveforms for generic mass-ratio spinning, non-precessing black holes. Section V summarizes our main conclusions. In Appendix A we write the Taylorexpanded multipolar waveforms in the test-particle limit through the PN order currently known. In Appendices B, C, D, and E we give the complete expressions of the f ℓm 's, C ℓm 's, ρ ℓm 's and δ ℓm 's for 4 < l ≤ 8. Finally, in Appendix F we compute the l and m dependence of the spin terms in the mass and current multipole moments at 0.5PN order and 1.5PN order, respectively.
II. FACTORIZED MULTIPOLAR WAVEFORMS FOR A TEST PARTICLE ORBITING AROUND A KERR BLACK HOLE
We consider a nonspinning test-particle orbiting around a Kerr black hole, and extend the factorized waveforms of Ref. [6] to the case where the motion is quasicircular and confined to the equatorial plane, that is the spinning, nonprecessing case. The factorized multipolar waveforms are built as [6] h ℓm = h 
and c ℓ+ǫp (ν) are functions of the symmetric mass ratio ν ≡ m 1 m 2 /M 2 , with M = m 1 + m 2 :
Although in this section we consider the test particle limit m 1 ≡ M ≫ m 2 ≡ µ, that is ν → 0, the above relations will be used for generic ν in Sec. IV and Appendix F. We shall define the source factorŜ (ǫp) eff and the tail factors T ℓm in Sec. II B. In Secs. II B, II C, we compute the imaginary and real PN spin effects in the e iδ ℓm 's and f ℓm 's respectively. We shall obtain those quantities by requiring that when we Taylor expand the factorized waveforms (1) the results coincide through 4PN order, for the spin terms, and 5.5PN order, for the nonspinning terms, with the Taylor-expanded waveforms given in Sec. II A and Appendix A.
A. Taylor-expanded multipolar waveforms
The Newman-Penrose scalar Ψ 4 = −(ḧ + − iḧ × ) can be decomposed in either -2 spin-weighted spherical har-
where a is the spin of the Kerr black hole, having the dimension of length (while we also define q ≡ a/M ), and ω 0 = mΩ is a multiple of the orbital frequency Ω. The -2 spin-weighted spherical and spheroidal harmonic bases are related by
The coefficients c
ℓm are given in Ref. [12] as
and if ℓ ′ = ℓ we have
while if ℓ ′ = ℓ we have
where j 1 , m 1 , j 2 , m 2 |J, M is a Clebsch-Gordan coefficient and
.
In the nonspinning case, −2 S aω0 ℓm (θ) reduces to −2 P ℓm (θ) which has the closed expression
The -2 spin-weighted spherical harmonic basis is orthonormal in the sense that
To explicitly write the modes C ℓm and Z ℓmω0 expanded in v, we find it convenient to introduce the following notation
where
ℓmω0 represent the Newtonian contributions and, as said above, ǫ p denotes the parity of the multipolar waveform. In the adiabatic limit,
2 Ω 2 h ℓm . Therefore, whereas the Newtonian contribution to C ℓm and h ℓm differ by a factor of −m 2 Ω 2 , the PN corrections are the same, i.e.,Ĉ ℓm =ĥ ℓm . The Newtonian contributions in the C ℓm 's or Z ℓmω0 's are [see Eq. (2)],
where we define v = (M Ω) 1/3 . In Refs. [11, 12] , the Taylor-expanded multipolar waveforms were calculated at the PN order needed to compute the nonspinning 5.5PN-energy-flux and spin 4PN-energy-flux, respectively. For the purpose of the present paper, Tagoshi and Fujita [13] extended the computation of the multipolar waveforms at higher PN order. Although those new PN corrections are not sufficient for computing the energy flux at the next order (6PN and 4.5PN order in the nonspinning and spinning cases, respectively), they do improve our knowledge of the multipolar waveforms, as we shall discuss below. In Table I , we list the PN orders available to us in each multipolar waveform C ℓm , while the explicit Taylor-expanded waveforms,Ẑ ℓmω0 's, are given in Appendix A.
We compute theĈ ℓm 's from theẐ ℓmω0 's by applying Eq. (6) and the orthogonality condition of the -2 spinweighted spherical harmonics
We notice that the mixing of spheroidal waveforms happens among modes with the same m and different ℓ. The C ℓm modes are computed in perturbation theory [11, 12, 19, 20] using a coordinate system different from the one used in PN calculations [21, 22] . When expressing both modes in terms of the orbital frequency they should coincide. However, the presence of tail terms in both calculations demands a careful treatment. In PN calculations, the tail terms contain a freely specifiable constant r 0 that corresponds to the difference in the origins of the retarded time in radiative coordinates and in harmonic coordinates in which the equations of motion are given (see e.g., Eq. (3.16) in Ref. [22] ). This constant can be absorbed into the phase of the PN modes (see e.g., Eq. (8.8) in Ref. [22] ) once it is traded with x 0 (or v 0 ) [21] as
where γ E = 0.577 215 . . . is the Euler's constant, and throughout the paper, we use "log" to denote the natural logarithm. In perturbation theory calculations, Schwarzschild or Boyer-Lindquist coordinates are used. The waveforms at infinity are naturally expressed with the tortoise coordinate, and the relation between the Schwarzshild or Boyer-Lindquist coordinate and the tortoise coordinate has an arbitrary constant which in Refs. [11, 12, 19, 20] is fixed to −2M log(2M ). [38] We find that to recover the PN results we need to express some of the γ E 's in the perturbation-theory modes [13] in terms of x 0 and r 0 using Eq. (19) and set r 0 = 2M/ √ e. More specifically, we replace some of the γ E 's using the following equation [21] log v 0 ≡ 11 36
We notice that the constant r 0 will appear later in our definition of the tail term T ℓm of the factorized resummed waveforms. In fact, since the T ℓm term resums all tail integrals that contain r 0 at known orders, it is the only term in the resummed waveforms that depends on r 0 . Finally, to ease the notation, we follow Ref. [6] and introduce eulerlog m (v 2 ) = γ E + log 2 + log m + 1/2 log v 2 into our C ℓm expressions.
Below we list theĈ ℓm 's through l = 4, and give the expressions for 4 < ℓ < 8 in Appendix B. The differences between theĈ ℓm 's andẐ ℓmω0 's concern only spin terms. We obtain 
where theẐ ℓm 's can be found in Appendix A. We notice that whereas theẐ ℓm 's contain 0.5PN spin terms (relative to Z N ℓm 's), theĈ ℓm 's do not, except forĈ 21 . The spin terms in the multipolar waveforms (21a)-(21i) agree with the currently known spin terms computed in Ref. [23] , and with the 0.5PN and 1.5PN spin terms in the odd and even-parity modes computed in Appendix F.
B. Source and tail terms
In the limit of a nonspinning test particle of mass µ orbiting around a Kerr black hole of mass M in a quasicircular equatorial orbit, the energy and orbital angular momentum, in Boyer-Lindquist coordinates, read [24] E(r)
The source term in the factorized waveform (1) iŝ
where µM/v is the Newtonian angular momentum. We use the resummed tail factor T ℓm given in Eq. (19) of Ref.
[6]
where k = m Ω,k = H real k, and the real Hamiltonian in the test-particle limit reduces to H real = M . Once again, we emphasize that the constant r 0 must take a fixed numerical value, 2M/ √ e [39], to reproduce the correct test-particle limit waveforms. We notice that there is no spin contribution to T ℓm since the latter resums the corrections to the waveform when traveling through a long-range Coulomb-type potential generated by the mass M [25, 26] . Spin effects generate a short-range potential, thus they do not contribute to T ℓm .
We compute the phase correction factors e iδ ℓm in Eq. (1) by Taylor expanding the factorized waveforms h ℓm given in Eq. (1), comparing the result with the C ℓm waveforms derived in Sec. II A (in the circular-orbit, adiabatic approximation C ℓm = −(mΩ) 2 h ℓm ), and collecting all imaginary terms into δ ℓm . We obtain 
Notice that the nonspinning terms in the δ ℓm already appeared in Ref. [6] , except for the terms at 3PN order (v 6 ) [Ref. [6] did compute δ 22 at 3PN order]. We find that those 3PN-order terms in the δ ℓm are necessary to obtain full agreement between the factorized waveforms and the nonspinningĈ ℓm waveforms through 3PN order. We note that the nonspinning terms at 3PN order in the δ ℓm 's are the same as the 3PN phase terms in Z ℓmω0 in Ref. [19] . This happens because in the test-particle limit the PN expansion of T ℓm does not contain imaginary terms at 3PN. Thus, for q = 0, the phase corrections δ ℓm at 3PN order do not contain any additional terms other than the 3PN phase terms in Z ℓmω0 . We further note that some of the above δ's can be obtained directly in the standard PN and test-particle limit calculations. For example, the terms proportional to πv 6 and π 2 v 9 (for q = 0) are the same as the phase factors in the asymptotic amplitude in the test-particle limit calculations (e.g., Eqs. (30)- (32) in Ref. [19] and Eq. (4.17) in Ref. [27] ).
C. Taylor-expanded residual terms and their resummation
In the circular-orbit, adiabatic approximation C ℓm = −(mΩ) 2 h ℓm . By Taylor expanding the factorized waveforms h ℓm given in Eq. (1), comparing the result with the C ℓm waveforms derived in Sec. II A, and factoring out the imaginary terms in the δ ℓm of Eqs. (26a)-(26i), we derive the f ℓm 's in Eq. (1). We notice that in the case of evenparity modes, the determination of the f ℓm is unique. In the case of odd-parity modes, it depends on the choice of the source which, as explained above, can be either the energy or the angular momentum. We denote with f L ℓm and f H ℓm the odd-parity modes computed with the energy and angular-momentum sources, respectively. [Since in both cases the source is a real quantity, the phases δ ℓm 's remain the same.] We obtain through ℓ = 4 (see the Appendix C for modes with 4 < ℓ ≤ 8) 
where, as introduced above, we have defined eulerlog m (v 2 ) = γ E + log 2 + log m + 1/2 log v 2 with m = 1, 2, 3, . . . . Note that all the nonspinning terms in do not have a spin contribution at 0.5PN order. This is consistent with the results of Appendix F.
As emphasized in Ref. [6] , the decomposition of the Taylor-expanded multipolar waveform into several factors [see Eq. (1)] is in itself a resummation procedure. In fact, the factorization of T ℓm has absorbed powers of mπ, which introduce large coefficients in the Taylorexpanded waveform. Moreover, in the quasi-circular case assumed here, the factorization of the energy or angular-momentum sources, has extracted the pole located at the light-ring position v = M/r lr with r lr = 2M [1 + cos[2/3 arccos(∓a/M )]] (where ∓ refers to prograde and retrograde orbits, respectively) which causes the coefficient of v 2n in any PN-expanded quantity to grow as r n lr as n → ∞. As we shall see in Sec. III, despite those improvements, the f ℓm 's above are not close enough to the exact results for large velocities.
As we shall discuss in detail in Sec. III, the f ℓm 's can be further improved by applying the ρ-resummation and Padé-summation [6] . The former consists in finding the new functions ρ ℓm such that
The motivation for the ρ-resummation is to reduce the magnitude of the 1PN-order nonspinning coefficient in f ℓm , which grows linearly with ℓ (see Sec. IID of Ref. [6] ).
We find that such dependence on ℓ does also affects the 1.5PN spin terms in the even-parity modes computed as function of ℓ and m in Appendix F. In fact, we find that h even ℓm = −2ℓ q v 3 /3, and so f even ℓm = −2ℓ q v 3 /3. Thus, we apply the ρ-resummation also to the spin terms, and find (see Appendix D for modes with 4 < ℓ < 8) In the next section we shall investigate the numerical (exact) ρ ℓm 's, and compare them with the analytical ones. We shall find that the agreement between the numerical and analytical ρ ℓm is quite good, except for some modes. Guided by the comparison with numerical results, we shall apply the Padé summation to the ρ ℓm 's, and also work out an improved resummation which consists in factoring out the lower-order PN terms in the Taylor-expanded ρ ℓm 's. We find that this factorization brings the zeros of the analytical ρ ℓm closer to the numerical (exact) ones.
III. COMPARISON BETWEEN ANALYTICAL AND NUMERICAL RESULTS FOR THE TEST-PARTICLE LIMIT CASE
We have two goals to achieve in this section. The first is to accurately model the amplitude of the (l, m) modes for several values of the spin parameter q and velocity v. The second is to obtain the best agreement between the numerical (exact) and analytical energy fluxes without introducing adjustable parameters in the analytical model.
The numerical values of the energy flux used in this paper are obtained with a high precision numerical code which solves the Teukolsky equation [15] [16] [17] . The homogeneous solution of the radial Teukolsky equation is obtained numerically by using a formalism developed by Mano, Suzuki and Takasugi [28] . In this method, the homogeneous solutions are expressed in terms of series of two kinds of special functions, hypergeometric functions and confluent hypergeometric functions. In Refs. [15, 16] , it was shown that the series converges very fast and one can compute numerically the homogeneous solutions very accurately. The homogeneous solution obtained with this method was applied to the numerical calculation of gravitational waves emitted by a particle in a quasi-circular and equatorial orbit around a Kerr black hole [15, 16] . In this paper, for the comparison with analytical formulas, we compute the Z ℓmω0 (and thus the C ℓm ) as well as (dE/dt) ℓm for various q and Ω. The computation is done with the double precision accuracy, and the estimated accuracy of Z ℓmω0 (and thus the C ℓm ) as well as (dE/dt) ℓm is about 14 significant figures. As in Ref. [15] , the accuracy is estimated by comparing the energy flux with that of Ref. [29] in which the accuracy was estimated as about 20 significant figures.
A. Hierarchy between the (l, m)'s modes
In Fig. 1 we study the hierarchy among the numerically-computed modes and plot |h ℓm |/|h 22 | versus v for the representative spin cases: q = 0.95, 0, and −0.95. The parameter v varies between 0.1 and v LSO (q), where we denote with LSO the last stable orbit for a test-particle in the Kerr geometry.
The strain waveforms h ℓm 's are computed from the C ℓm 's under the quasi-circular adiabatic assumption, i.e., h ℓm = −C ℓm /(mΩ)
2 . As we shall discuss in Sec. III C, the energy flux for quasi-circular adiabatic orbits can be computed through the well-known relation
Thus, when analyzing the contribution of theḣ ℓm 's to the energy flux, we need to remember thatḣ ℓm = i C ℓm /(mΩ). Thus, the dependence ofḣ ℓm 's on m is different than the one of h ℓm 's, and, as a consequence, the hierarchy of the modes in the energy flux is different. Denoting by |h ℓm |/|h 22 | the relative strain amplitude and by |ḣ ℓm | 2 /|h 22 | 2 the relative radiation power, we find the following trends. In the anti-aligned case q = −0.95 and the nonspinning case, the (3, 3), (2, 1) and (4, 4) modes are the largest subdominant modes in terms of strain amplitude. In terms of radiation power, they are also among the largest subdominant modes although their hierarchy changes. The (4, 4) mode contributes more power than the (2, 1) mode because of its larger m. For the same reason, in the nonspinning case, the (5, 5) mode contributes more power than the (2, 1) mode and becomes the third strongest subdominant mode. In fact, in the anti-aligned and nonspinning cases, relative to the (2, 2) mode, the (3, 3) mode contributes > 10% of radiation power at the LSO, only the (3, 3) and (4, 4) modes contribute > 1%, and the (5, 5) mode contributes 1% only in the nonspinning case. In the aligned case q = 0.95, we plot in Fig. 1 the relative strain amplitudes of 8 modes that are larger than 5% at the LSO. In terms of the relative radiation power, the (3, 3), (4, 4), (5, 5), (6, 6), (7, 7) and (8, 8) modes are the largest subdominant modes. The (3, 3), (4, 4) and (5, 5) modes each contributes > 10% relative to the (2, 2) mode at the LSO. In particular, the (3, 3) mode contributes > 30% relative to the (2, 2) mode to both the strain amplitude and the radiation power. Accurate modeling of its amplitude is therefore crucial in modeling the full gravitational-wave waveform and the energy flux.
B. Comparison between the analytical and numerical modes
We now examine the amplitude agreement of the numerical and analytical waveforms, focusing mainly on the dominant modes: (2, 2), (2, 1), (3, 3) , (3, 2) , (4, 4) and (5, 5) .
In Figs. 2 and 3 we show several numerical ρ ℓm 's versus x ≡ v 2 for three representative spin cases: q = −0.95, 0, 0.95. Since the latter are real, the numerical ρ ℓm 's are obtained using Eq. (1) Using the 0.5PN (1.5PN) order spin terms in the odd (even)-parity modes computed in Appendix F for generic ℓ and m, and the non-spinning 1PN terms derived in Refs. [6, 21] , we have
and
Note that the 1.5PN spin terms in the odd-parity modes are not known for generic ℓ and m, but they are available through ℓ = 6 in this paper. Reference [6] pointed out that because the 1PN order term in the f even ℓm and f L ℓm scale as ℓ and is negative, for large ℓ it can cause the f ℓm to go to zero even before reaching the LSO. For example if we consider the LSO in Schwarzschild, x LSO (0) = 1/6 (v LSO (0) = 1/ √ 6 ≃ 0.4082), f 66 at 1PN order has a zero at v = 0.3634 [6] . In the even-parity case, the inclusion of the 1.5PN spin term with q > 0 can cause the zero to occur even at smaller values of v. In particular, for q = 0.95, f 66 has a zero at v = 0.3362 (v LSO (0.95) = 0.6497). By contrast, the cases with q < 0 can push the zero to negative or imaginary values, or to values of v above the LSO, thus making it harmless. For example, for q = −0.95, f 66 has a zero at v = 0.4075 (v LSO (−0.95) = 0.3373). Similarly, when considering the odd-parity modes for large ℓ, e.g., the f In the spin case, the above problem can be even worst than in the non-spinning case for lower values of ℓ. For example, the 1PN term causes a zero in the f 33 at v = 0.5345 which is above v LSO (0), but the inclusion of the 1.5PN spin term moves the zero to v = 0.4764 for q = 0.95 which is quite below v LSO (0.95).
Motivated by the above discussion and the result in Appendix F that shows that the even-parity 1.5PN spin terms scale as ℓ (f even ℓm = −2ℓ q v 3 /3), we adopt the ρ-resummation also for the spin terms. The ρ ℓm 's through 1.5PN order read:
We notice that the 1PN and 1.5PN terms in ρ 66 cause a zero at v = 0.8902 for q = 0, and at v = 0.7577 for q = 0.95. The zero in ρ 33 occurs at v = 0.9258 for q = 0, and at v = 0.7765 for q = 0.95. All these numbers are larger than v LSO (q). Note however that the ρ-resummation may be less effective for q > 0.95, since at q = 1, the zero in ρ 66 occurs at v = 0.7530 and the zero in ρ 33 occurs at v = 0.7713, both smaller than v LSO (1) = 0.7937. Of course all this discussion does not take into account the higher-order PN terms which can also move the zero to lower or higher values. However, as we shall see below, the behavior of the numerical ρ ℓm is captured by the 0.5PN, 1PN and 1.5PN terms. In Figs. 2 and 3 we plot the ℓ = 2, 3, 4, 5, 6 (m = ℓ, ℓ − 1, . . . , 1) numerical modes versus x. First, as observed in Ref. [6] for the nonspinning case, also for the spin case, the behavior of the ρ ℓm is reasonably simple. In particular, except for the (2, 1) case which shows a special shape due to the presence of the 0.5PN term ( √ x), all the other modes are well represented by (broken) straight lines with one or two changes in the slope at high frequency. As in the nonspinning case, but less pronounced here, for each value of ℓ, the (negative) slopes of the dominant m = ℓ (even-parity), and subdominant m = ℓ−1 (odd-parity) modes are close to each other, and these slopes become somewhat closer as ℓ increases. This property is reproduced by the analytical ρ ℓm 's truncated at 1.5PN order through ℓ = 6 modes, whose 1.5PN terms are known.
In
, respectively. When applying the Padé summation in presence of logarithms (i.e., log(v)) we treat the latter as constants. We indicate with ρ f ℓm an improved resummation of the Taylor-expanded ρ ℓm 's which consists in factoring out their 0.5PN, 1PN and 1.5PN order terms, that is we write 
We notice that for a few modes, it is convenient to factor out even the 2PN order term. The procedure of factoring out zeros of ρ ℓm can be improved in the future by introducing appropriate adjustable parameters and calibrate them to the numerical result. In Figs. 4 and 5 we also show results when adopting the Padé summation. We find that the diagonal and nearestdiagonal Padé-summation improve the agreement with the numerical results not only for the (3, 3) mode, but also for the (3, 1) and (4, 2) modes. An even better agreement for several modes is obtained when using the farthest-diagonal Padé-summation. However, this quite interesting result suffers by the presence of spurious poles appearing for several q values, and for this reason we will no longer discuss the Padé-summation in this paper.
Finally, we observe that close to the LSO the evenparity modes ρ L agree slightly better to the numerical results than ρ H 's. Thus, we adopt in this paper the multipolar waveforms built with the ρ L . In Figs. 6, 7 and 8 we compare the Taylor-expanded, ρ f -resummed and numerical Newtonian-normalized multipolar amplitudes for the dominant modes. In general, the ρ f and ρ-resummed amplitudes agree better with the numerical amplitudes than Taylor-expanded amplitudes do, especially for higher-order modes. More specifically, we find that ρ-resummed amplitudes (not shown in Figs. 6, 7 and 8) differ from the numerical ones by < ∼ 0.6% up to v ≤ 0.4 for the (2,2), (2,1) and (3,2) modes and by < ∼ 1.8% for the (3,3) and (4,4) modes. Their fractional difference grows up to ∼ 1-10 at the LSO when q = 0.95. When applying the ρ f -resummation, we find that the fractional amplitude difference between the numerical and analytical (2,2) amplitude at the LSO is 16% (33%), 0.18% (0.32%) and 0.20% (0.85%) for q = 0.95, 0, −0.95, respectively. We indicated in parenthesis the numbers when Taylor-expanded amplitudes are employed. For the (2,1), (3, 3) and (4,4) modes, for which fewer spin PN terms are known (see Table I), the improvement due to the ρ f -resummation is more striking. In fact, for the (2,1), (3,3) and (4,4) modes we obtain a fractional amplitude difference of 2.4% (4.2), 0.2% (0.58%) and 0.0036% (0.15%), 7.5% (2), 0.027% (0.55%) and 0.13% (0.2%), 16% (7.5), 1.7% (28%) and 0.6% (5.8%), for q = 0.95, 0, −0.95, respectively.
We summarize the results of Figs. 6, 7 and 8 as follows. First, we remark that the Taylor-expanded amplitudes agree with the numerical ones quite well for the (2,2) mode where the PN expansion is known through the highest order today (5.5 PN for nonspinning terms and 4PN for spin terms). Thus, for the (2,2) mode the improvement due to the resummation technique is marginal. We expect that a similar result holds for higher modes when sufficient PN terms are known. Second, the factorized resummed waveforms consistently improve the amplitude agreement with numerical waveforms for several values of q and large spanning of v. In the lower panels of Figs. 6, 7 and 8, we observe that the fractional amplitude difference between the numerical and ρ f -resummed waveforms is always smaller than the difference between the numerical and Taylor-expanded waveforms, except around the v values where the numerical and Taylorexpanded amplitudes coincide. For all modes [except the (2,2) mode] and all spin values shown in the figures, we find that ρ f -resummed amplitudes are typically closer to the numerical amplitudes than Taylor-expanded are by an order of magnitude or more.
Finally, for ℓ ≥ 5 modes, the ρ f -resummation is not very successful in modeling the numerical amplitudes, but it is better than Taylor-expanded amplitudes. We know nonspinning and spin corrections only through 2.5PN order in the (5, 5) mode (see Table I ), thus it is not surprising that we cannot model those modes very well. Since the contribution of the ℓ ≥ 5 modes to the radiation power and strain amplitude is not negligible, it would be very useful to calculate higher order corrections in those modes in the future.
C. Comparison between analytical and numerical energy fluxes
Here we compare numerical and analytical Newtoniannormalized energy fluxes for a test-particle orbiting a Kerr black hole in the equatorial plane. The fluxes are computed by summing the power radiated using Eq. (30) and setting ℓ = 8. For a test-particle moving along a quasi-circular equatorial orbit, the Newtoniannormalized flux is F (v)/F Newt (v) where F Newt (v) = 32ν 2 v 10 /5. We note that the dominant error source of the numerical calculation of the total flux is the truncation at ℓ = 8 of the mode summation. Let F ℓ=8 (v) be the contribution from ℓ = 8 mode for F (v). The fraction, F ℓ=8 (v)/F (v), is about 10 −10 around v = 0.1 and 10 −5 to 10 −2 around the LSO.
In Fig. 9 , we compare numerical and analytical Newtonian-normalized energy fluxes for different spin values of the Kerr black hole. In the left panel of Fig. 9 we consider two Taylor-expanded fluxes computed from the Taylor-expanded h ℓm 's: one that truncates all terms beyond 5.5PN order and spin terms beyond 4PN order (Taylor-expanded-truncated) and one that keeps all higher order terms (Taylor-expanded-nontruncated).
[The former is the Taylor-expanded flux that consistently includes nonspinning effects through 5.5PN order and spin effects through 4PN order [11, 12] ; the latter includes new higher-order PN terms computed by Tagoshi and Fujita [13] .]
In the left panel of Fig. 9 , we do not show the Taylorexpanded flux truncated at 4PN order [12] since its agreement with the numerical flux is rather poor. Figures 2  and 3 of Ref. [30] show that in this case the Taylor The Taylor-expanded-truncated flux includes test-particle spin terms through 4PN order [12] , and nonspinning terms through 5.5PN order [11] . The Taylor-expanded-nontruncated flux includes higher-order PN terms originated by the new PN terms in the h ℓm 's computed by Tagoshi and Fujita [13] (see Table I ). The ρ-resummed flux is plotted for one spin value q = 0.95 in the upper right panel, to show the large improvement when using ρ f -resummed instead of ρ-resummed flux. Lower panels: fractional difference between the numerical and analytical energy fluxes for the representative spin cases: q = −0.95, 0, 0.95.
contrast, the agreement is substantially improved when we include the 5.5PN order nonspinning terms in the Taylor-expanded-truncated flux. The Taylor-expandednontruncated flux agrees better with the numerical flux than the Taylor-expanded-truncated flux for retrograde orbits with q < 0, while its agreement is worse for prograde orbits with q > 0. For spin values q > 0.5, the agreement is especially bad, as the Taylor-nontruncated flux grows too fast when v > 0.4. We find that this difference is mainly due to the large new spin term [13] in the (3, 3) mode, i.e. −q 2 + 9 π q 2 /2 + q 89/5 v 7 inẐ 33ω0 (real part only). Without any resummation, the Taylorexpanded-truncated flux agrees well with the numerical flux for all spin values except for q = 0.95. The lower left panel shows that the fractional differences between the numerical and the Taylor-expanded-truncated fluxes are below 1% until v = 0.3, and are below 10% for q = 0.95 until v = 0.55, and below 10% for all other spin values until the LSO.
In the right panel of Fig. 9 we consider three analytical flux models which use the f ℓm , ρ ℓm (for q = 0.95 only) and ρ f ℓm , respectively. The fractional difference between the numerical flux and f , ρ or ρ f -resummed fluxes is < 0.3% for all spin values when v < 0.3. Larger differences appear only when v > 0.3 for large and aligned spins, and the f -resummed flux performs especially bad when v > 0.4. In the case of q = 0.95, we show the significant improvements achieved from the f -resummed to the ρ-resummed and eventually to the ρ f -resummed flux. The fractional difference with numerical flux at the LSO is reduced from ∼ 3.5 × 10 4 to ∼ 3 to 13%. The main reason for the bad performance of the f -resummed flux is caused by the new spin term [13] in the (3,3) mode, i.e. −q 2 + 9 π q 2 /2 + q 89/5 v 7 inẐ 33ω0 (real part only), as is in the case of the Taylor-expandednontruncated flux. As a matter of fact, we notice that if we did not include this new term computed in Ref. [13] , and applied the f -resummation, or the ρ-resummation only to the nonspinning terms [18] [40], we would find a flux not very different from the ρ-resummed flux in the right panel of Fig. 9 . In the ρ or ρ f -resummation, this new term is suppressed by an order of magnitude, which leads to the improvements in their performance in modeling the numerical flux. Specifically, this term becomes q 6187/330 − q 3 v 7 in f 33 , q 5297/2970 + q 3 /3 v 7 in ρ 33 , and −q 1073/1188 + q 3 2/3 v 7 in ρ f 33 . Finally, for large aligned spin q = 0.95 at the LSO, the ρ f -resummed flux is closer to the numerical flux than the Taylor-expanded-truncated flux. Furthermore, we want to emphasize that the ρ f -resummation improves the Taylor-expanded flux substantially over a large range of v and spin values. The differences between numerical and ρ f -resummed fluxes are smaller than those between the numerical and Taylor-expanded-truncated fluxes, by a factor of 3 -5 at low velocities. Considering the large number of orbits an extreme mass-ratio binary spends in this range of velocities or frequencies, such an improvement is indeed significant in correcting the orbital dynamics (see Ref. [31] for a quantitative analysis in the nonspinning case).
IV. FACTORIZED MULTIPOLAR WAVEFORMS FOR GENERIC MASS-RATIO SPINNING, NON-PRECESSING BLACK HOLES
In this section we extend the calculation of Sec. II to generic mass-ratio spinning, non-precessing black-hole binaries.
In Ref. [21, 22] , the non-spinning Taylor-expanded multipolar waveforms were computed through 3PN order. In Ref. [23] , spinning Taylor-expanded multipolar waveforms were computed through 1.5PN order. Using the definitions:
and restricting ourselves to circular, equatorial orbits, we obtain the following modes decomposed with respect to -2 spin-weighted spherical harmonics
The 1.5PN, 0.5PN and 1PN order spin terms in the modes h 22 , h 21 , h 33 , respectively, were obtained in Ref. [23] . The 1.5PN-order (0.5PN-order) spin terms in the even (odd) parity modes are computed in Appendix F. The higher-order non-spinning PN terms can be found in Refs. [6, 21, 22] . To compute the factorized multipolar waveforms for generic mass ratios we use Eq. (1). For the source termŝ S (ǫp) eff we employ the energy and angular momentum for circular, equatorial orbits computed from the effectiveone-body Hamiltonian of Ref. [32] (at the PN order at which we derive the factorized modes, the Taylorexpanded Hamiltonian of Ref. [32] coincides with the Hamiltonian of Ref. [33] ). More explicitly, when expanding the effective-one-body energy and angular momentum for circular, equatorial orbits through 1.5PN order, we find
Equations (39), (40) are sufficient for computing the quantity f ℓm in Eq. (1). In fact, similarly to the testparticle case analyzed in Sec. II, the factor T ℓm in the generic mass-ratio case is not modified by spin effects. The factor δ ℓm is not modified by spin effects either since there is no imaginary spin terms in Eqs. (38a)-(38i). The nonspinning δ ℓm expressions for generic mass ratios are given in Eqs. (20)- (29) of Ref. [6] . Thus, inserting Eqs. (39) and (40) in Eq. (1), and using Eqs. (38a)-(38i), we derive the even-parity f ℓm and ρ ℓm and odd-parity f L ℓm and ρ L ℓm up to the highest PN accuracy known today. We obtain
We may use E(r) instead of |L| as the source term in the odd-parity modes. However, there is no difference In the nonspinning case, using 1PN, 2PN and 3PN corrections, it was shown [6] that the dependence of ρ ℓm on the mass-ratio ν is mild. As a consequence, it was considered meaningful to use test-particle results at PN orders where generic mass-ratio results are unknown. Since for each mode only the leading order generic mass-ratio spin terms are known, it is not possible to carry out an exhaustive study and understand how the spin terms in ρ ℓm depend on ν. As obtained in Appendix F, at leading order, the 0.5PN spin terms in the odd-parity modes are proportional to ν. Thus, they are zeros in the testparticle limit, but finite in the comparable mass case. Moreover, we find that the dependence on ν of the 1.5PN spin terms in the even-parity modes is not that simple. Depending on the values of χ S and χ A , the relative difference between h (0),1.5PN ℓm (ν = 0.25) and h (0),1.5PN ℓm (ν = 0) varies from zero to order of unity. Therefore, also the dependence of h (0),1.5PN ℓm on ν is not mild. Nevertheless, it is still reasonable to include the testparticle limit spin terms in f ℓm and ρ ℓm such that at least part of the higher order spin effects are included, and to check the results against available numerical (exact) data. Specifically, we combine the test-particle and generic mass ratio results by replacing all the test-particle terms in f ℓm and ρ ℓm whose generic mass-ratio counterparts are known with their generic expressions.
Thus, in the generic mass-ratio, spinning case, we propose to add to the f ℓm 's and ρ ℓm 's derived in this section the test-particle limit terms derived in Sec. II. In applying this procedure we need to make a choice for the dimensionless spin variable q appearing in the test-particle limit f ℓm 's and ρ ℓm 's. For a black-hole binary with component masses m 1 and m 2 and spins χ 1 and χ 2 , we consider here two possibilities motivated by the choice of the deformed-Kerr-spin in the effective-one-body formalism. References [18, 32] used for the deformed-Kerr-spin
while Ref. [33] used the following deformed-Kerr spin
Moreover, in the generic mass-ratio, spinning case, we also propose to use as effective sources in Eq. (1) the Hamiltonian and angular momentum for quasi-circular orbits computed using the effective-one-body Hamiltonians [32, 33] .
In Fig. 10 , we compare the amplitudes of the numerical, the Taylor-expanded and the ρ-resummed modes for the five most dominant modes and for the two configurations of equal-mass, equal-spin black hole binaries of the Caltech-Cornell-CITA collaboration of Ref. [18, 34] . We employ the effective sources built using the Hamiltonian and angular momentum for quasi-circular orbits of Ref. [18, 32] . The dimensionless spins in the two configurations are χ 1 = χ 2 = 0.43655 and χ 1 = χ 2 = −0.43757, respectively. The numerical amplitudes are derived from the numerical simulations published in Ref. [18] . Oscillations in the numerical amplitudes are due to numerical artifacts in the simulations. For the (2,2) mode, the Taylor-expanded amplitudes agree quite well with the numerical amplitude, at least up to the frequency considered. Thus, the improvement due to the ρ-resummation is marginal. For higher-order modes, there are large differences between numerical and Taylor-expanded amplitudes, and we find a substantial improvement when we adopt the ρ-resummation, except for the (3,3) mode in the spin aligned case (χ 1 = χ 2 = 0.43655) whose numerical and Taylor-expanded amplitudes overlap, likely by coincidence. For the (2,2), (4, 4) and (6, 6) modes, the relative difference between numerical and ρ-resummed amplitudes is within 5% [41] . For the (3,2) and (4,2) modes, the relative difference is between 10%-20%. We find that the results in Fig. 10 depend weakly on the choice of q. In fact, using q = q 0 defined in Eq. (43) and q = q S = q 0 /2 (when ν = 0.25) defined in Eq. (44), the relative amplitude difference is < 2% for the (2,2), (4, 4) , (4, 2) and (6,6) modes, and ∼ 5% for the (3,2) mode. Therefore, the uncertainty in the ρ-resummed amplitude due to the choice of q is less than half their systematic difference from the numerical results.
Since we expect a stronger amplitude dependence on q in the case of larger spin magnitudes, we study the ρ-resummed amplitude dependence on the choice of q in Fig. 11 , where we show the difference between the amplitudes |h ℓm (q = q 0 )| and |h ℓm (q = q S )| for an equalmass, equal-spin black-hole binary with component spins χ 1 = χ 2 = 0.95. The relative amplitude differences are < 5% for the dominating (2,2) and (4,4) modes, and < 10% for the weaker (3,2) and (4,2) modes at v < 0.45. For the (6, 6) mode, since the test-particle spin terms in ρ 66 are known only through 2PN order, i.e. only one more term is known beyond the generic mass ratio results, the amplitude dependence on q is entirely determined by this term and is somewhat stronger -reaching 30% at the LSO.
Finally, we check the effect of the test-particle spin terms by comparing |h ℓm (q = q 0 )| and |h ℓm (q = 0)| (i.e., removing the test-particle spin terms from the generic mass-ratio amplitudes in the latter) for this binary configuration. The difference, compared to Fig.. 11 , becomes larger by a factor of a few and reaches 10-25% for the (2,2), (4, 4) , (3, 2) and (4,2) modes in the range of frequencies investigated in this paper. These terms may provide non-negligible corrections to the waveform and flux modeling.
V. CONCLUSIONS
In our study we employed the spin PN multipolar waveforms derived and decomposed with respect to the -2 spin-weighted spheroidal harmonics in Refs. [12] , and transformed them in -2 spin-weighted spherical harmonics. We also took advantage of the new, recently computed [13] , higher-order nonspinning and spin PN contributions in several subdominant modes. We also augmented our knowledge of the higher-order spin terms for generic mass-ratios, computing the generic expressions for the half and, one and half post-Newtonian contributions to the odd-parity (current) and even-parity (odd) multipoles, respectively (see Appendix F).
Using the above results we extended the resummation method of factorized multipolar waveforms introduced in Ref. [6] to spinning, non-precessing black-hole binaries. This factorized multipolar decomposition consists in a multiplicative decomposition of the h ℓm waveform into the product of several factors corresponding to various physical effects and the replacement of the factor f ℓm by its ℓ-th root ρ ℓm = (f ℓm ) 1/ℓ . In the case of a nonspinning test-particle orbiting a Kerr black hole in the equatorial plane, we found that the ρ-resummation is quite effective in reproducing the numerical multipolar amplitudes and energy flux up to q ≥ 0.75 and v ≥ 0.4. However, for larger values of q, we observed that the analytical ρ ℓm (v)'s either have a slope larger than the numerical one, or they tend to grow as function of v instead of decreasing. This behavior can be cured by factoring out the lower-order PN terms in the ρ ℓm , notably the 0.5PN, 1PN and 1.5PN order terms. Being the lower-order PN terms negative (for q > 0), this procedure corresponds to factoring out the zeros of ρ ℓm which turns out to capture the numerical (exact) zeros..
When applying the ρ f -resummation, we found that the fractional amplitude difference between the numerical and analytical (2, 2) mode at the LSO is 16% (33%), 0.18% (0.32%) and 0.20% (0.85%) for q = 0.95, 0, −0.95, respectively. We indicated in parenthesis the numbers when Taylor-expanded amplitudes are employed. Thus, we found that for the (2,2) mode the improvement of the resummation is marginal. This might be due to the fact that the (2,2) mode is known at rather high PN order (5.5 PN for nonspinning terms and 4PN for spin terms). For the (2,1), (3, 3) and (4,4) modes, for which less spin PN terms are known (see Table I ) the improvement due to the ρ f -resummation is even more striking. In fact, for those modes we obtained a fractional amplitude differences 2.4% (4.2), 0.2% (0.58%) and 0.0036% (0.15%), 7.5% (2), 0.027% (0.55%) and 0.13% (0.2%), 16% (7.5), 1.7% (28%) and 0.6% (5.8%), for q = 0.95, 0, −0.95, respectively. For ℓ ≥ 5, the ρ f -resummed amplitudes are certainly better than the Taylor-expanded amplitudes, but they differ from the numerical results quite substantially at high frequency. This is due to the fact that for those modes the spin effects are known only up to 2.5PN order or lower. In summary, we found that the multipolar amplitudes computed with the ρ f -resummation are systematically closer to the numerical (exact) results than Taylor-expanded ones over a large range of v and spin values. The agreement can be further improved by including suitable adjustable parameters and calibrating them to the numerical results, as done in the non-spinning case in Ref. [31] .
Moreover, the numerical energy flux can also be successfully modeled by the ρ f -resummation -for example we found that the fractional difference between the numerical and ρ f -resummed flux is 13% (63%), 0.70% (3.3%) and 0.48% (2.9%) for q = 0.95, 0, −0.95, respectively, where the numbers in parenthesis refer to the Taylor-expanded-truncated PN flux. For large aligned spins, the ρ f -resummed flux is much closer to the numerical flux at the LSO than the Taylor-expanded-truncated flux. Furthermore, we emphasize again that the ρ fresummation improves the Taylor-expanded flux substantially over a large range of v and spin values, and especially at low frequency where the majority of the signal-to-noise ratio of a binary accumulates.
We have also extended the factorized resummation to generic mass-ratio, non-precessing, spinning black-hole binaries, and proposed, as in Ref. [6] , to augment the generic mass-ratio ρ ℓm with higher-order test-particle spin contributions. Unlike in the nonspinning case [6] , in the spinning case only the leading-order generic massratio spin terms are known. Using this limited information we found that the dependence on ν of the spin terms is not necessarily mild. It depends on the mass ratio and the spin values. Nevertheless, we explored the possibility of adding the spin contributions from the test-particle limit case to the generic mass-ratio amplitudes.
When adding the test-particle limit contributions, we proposed to identify q with the Kerr-deformed spin in the effective-one-body description. Using the two choices currently available in the literature, that is q = |S 0 |/M 2 [18, 32] or q = |S|/M 2 [33] , ee found that the resummed amplitudes of the (2,2), (4,4), (4, 2) and (6, 6) modes agree with numerical simulation results [18] to within 2%, for equal-mass, equal-spin binaries with spins |χ 1 | = |χ 2 | ≃ 0.44. The (3,2) mode amplitude agrees with numerical results at 5% level. The relative difference between the two choices of resummed amplitudes is less than half their difference from numerical results. When the spins are near extremal, e.g., χ 1 = χ 2 = 0.95, we found a mild, but non-negligible q dependence of the resummed amplitudes. Finally, when setting q = 0, that is removing the test-particle spin terms from the generic mass-ratio amplitudes, we obtain that the results vary by 10-20% for the (2,2), (4,4), (3, 2) and (4,2) modes in the range of frequencies investigated in this paper.
The study carried out in this paper should be considered as a first step in the modeling of extreme-massratio inspirals and comparable mass black-hole binaries in presence of spins. We expect that in the extrememass-ratio inspiral case, the amplitude and flux agreement can be further improved by including in our ρ f ℓm a few adjustable parameters and calibrate them to the numerical data, as already done in Ref. [31] for nonspinning extreme-mass-ratio inspirals. In the comparable-mass case, more detailed comparisons with accurate numericalrelativity simulations will allow us to nail down the choice of the spin parameter q, and allow us to carry out direct comparisons between the numerical and analytical ρ ℓm , thus helping in modeling the latter.
to O(ǫ 2 ) for ℓ = 4. The formulas are explicitly given in a review paper [27] . Those computations are sufficient for obtaining the energy flux through 5.5PN order. Since the formulas for theẐ ℓmω0 's are not given in the literature, we write them below. For each mode, we write the terms up to O(v 11−2(ℓ−2) ) relative to the lowest-order term. Furthermore, in the Kerr case, so far the highest order computation was done by Tagoshi et al. [12] in which the closed analytic formulas for a homogeneous solution is obtained at O(ǫ) for arbitrary ℓ modes, and at O(ǫ 2 ) for ℓ = 2 and 3 modes. These computations are sufficient for obtaining the energy flux through 4PN order.
Two of the authors have recently obtained the O(ǫ 2 ) closed analytic formulas for ℓ = 4 mode [13] . This order is necessary to derive the multipolar waveforms through 3PN order beyond C (N,0) 4m , i.e. 4PN order beyond C (N,0) 22 (see Table I ). More details of the computation and complete results are given elsewhere [13] . Here we show only the explicit formulas forẐ ℓmω0 defined in Eq. (16) . We write the spin-dependent 4PN-orderẐ ℓmω0 in which each mode contains terms up to O(v 8−(ℓ−2)−ǫp ) relative to the lowest-order term. (ǫ p is the parity of each mode).
The second method to obtain the homogeneous Teukolsky function is based on the Mano-Suzuki-Takasugi formalism [28] . In this formalism, the homogeneous solutions of the Teukolsky equation is represented with the series of hypergeometric functions and confluent hypergeometric functions. The expansion coefficients of the two series solutions are the same, and they are closely related to the series expansion in power of ǫ. Thus, if we compute this series up to higher order, we automatically obtain the higher order PN expansion formulas. Such computation was applied to the evaluation of the PN expansion of the black hole absorption effect in the Kerr case [35] . This method was also applied to the energy flux through 5.5PN order in the Schwarzschild case, confirming the results obtained with the above iteration method [11] . We apply this method to the Kerr case and obtain the 4PN-order multipolar waveforms which agree with the results obtained with the above iteration method. This method has also been recently applied to the computation of the 5.5PN-order multipolar waveforms in the Schwarzschild case by Fujita and Iyer [14] . The non-spinning terms of expressions below agree with their results up to O(v 11−2(ℓ−2) ). 
where U ℓm = 16π (2ℓ + 1)!! (ℓ + 1)(ℓ + 2)
The radiative moments U L and V L are the l th time derivatives of the multipole moments I L and J L respectively, as we neglect tail contributions for our purposes here. In terms of the vectorr defined above Eqs. (F11), the quantity Y ℓm L is defined as follows
1. Odd-parity 0.5PN spin multipoles
The odd-parity contributions to the waveforms are provided by the expansion coefficients V ℓm , which in turn are determined by the current multipole moments J L . In the circular orbital case, the nonspinning 1PN currentmultipole moment J L is given by [6] 
where Ω is the orbital frequency, v = (M Ω) 1/3 and n = r r ,L N = r ×ṙ |r ×ṙ| , λ =L N × n ,
and where 
K 2 = (ℓ − 1) (ℓ − 2) (ℓ + 4) 2(ℓ + 2) (2ℓ + 3) c ℓ+3 ,
where c ℓ coincides with Eq. (4), and X 1,2 = m 1,2 /M . For circular orbits, we have n = (cos φ orb , sin φ orb , 0) , (F10a) λ = (− sin φ orb , cos φ orb , 0) ,
L N = (0, 0, 1) .
In terms of the vectorr = (sin θ cos φ, sin θ sin φ, cos θ), the following expressions will prove very helpful below n = [r] θ=π/2,φ=φ orb ,
The 0.5PN-order contribution to J L that is linear in the spins is given by Ref. ≡ ν M 2 r ℓ−1 (ℓ + 1) 2Σ . For nonprecessing binaries, we haveΣ (ℓ) =Σ (ℓ)LN , and hence we can write down the total 1PN-order current multipole moment as
Next, in order to compute the radiative coefficient V ℓm , we first need J ℓm = J L Y ℓm L . It is therefore useful to rewrite all vectors appearing in J L in terms ofr as follows
where the "orb" subscript is shorthand for evaluating the bracket at θ = π/2, φ = φ orb . The purpose of this rewriting is to allow us to eventually make use of Eq. (F6), together with the following identities
By substituting Eqs. (F17) into Eq. (F16), the current multipole moments become = −3/2v q when ν → 0, while if ℓ > 2, we haveĥ (1),0.5PN ℓm ∝ ν q v and the latter goes to zero as ν → 0. The fact that the odd-parity modes with ℓ > 2 vanish, is consistent with the -2 spin-weighted spherical C ℓm 's computed in the main part of this paper. However, it is worth noticing that the odd-parity -2 spinweighted spheroidal Z ℓm 's do contain 0.5PN spin terms.
Moreover, for the case of finite symmetric mass-ratio ν, we find that the 0.5PN spin terms in Eq. (F24) coincide with what was derived in PN theory [23] . The ℓ-dependence of the 0.5PN spin term in Eq. (F24) varies depending on the binary mass ratio and the spin magnitudes. For example we find that for maximally spinning and aligned black holes (χ 1 = χ 2 = 1) if the masses are equal, the 0.5PN spin term in Eq. (F24) scales as ℓ, but if the masses are unequal, it generally doesn't scale as ℓ.
Finally, we derive the corresponding generic 0.5PN spin contributions to f (1) ℓm and ρ (1) ℓm . Since we know that there is no quadratic spin contribution at 1PN order in f (1) ℓm , we need to introduce a 1PN quadratic spin term in ρ 
2. Even-parity 1.5PN spin multipoles The 1.5PN spin contributions to the even-parity waveform come from two distinct sources. The first is the 1.5PN spin mass multipole moment I S L , given by (in the center-of-mass frame, for non-precessing, circular orbits) 
Making use of the following identity which is valid for circular orbits 
The second contribution comes from the Newtonian mass multipole moments, in two different ways. First, since the coordinate transformation that takes us from a generic frame to the center-of-mass frame involves the spins at 1.5PN order, the Newtonian mass multipole moments acquire a spin contribution when re-expressed in the centerof-mass frame. Second, when we use Kepler's law at 1.5PN order to rewrite the orbital separation r as an expansion in v = (M Ω) 1/3 , spin terms are generated which contribute to the 1.5PN spinning waveform. In a general frame, the Newtonian mass multipole moments are given by
The coordinate transformation to the center-of-mass frame is given by [42] 
Therefore in the center-of-mass frame, the Newtonian mass multipole moments read 
